Abstract. Let E/F be an unramified extension of non-archimedean local fields of residual characteristic different than 2.
Introduction
Let F be a non-archimedean local field and let G be a reductive F -group. Suppose that X is an algebraic variety equipped with a G-action. Harmonic analysis on the G(F )-space X(F ), aims to study and decompose certain spaces of functions on X(F ) into simpler representations of G(F ).
A possible approach to this problem is to consider the structure of the H(G, K)− module S(X) K of K-invariant compactly supported functions on X, where K is a compact open subgroup of G(F ) and H(G, K) is the Hecke algebra of G(F ) with respect to the subgroup K.
In the special case where K = K 0 is a maximal compact subgroup of G, the algebra H(G, K) is, by Satake's theorem, a finitely generated polynomial algebra. Thus, it is natural to study the structure of the module S(X) K0 over this algebra using the language of commutative algebra. It turns out that in many cases, this module is free, a result with applications to multiplicities (see [Sa08] ). Many special cases where studied ( [Off] , [Hir99] , [MR09] ) and general results are obtained in [Sa08] and [Sa13] .
In this paper we prove the following result.
Theorem A. Let E/F be an unramified quadratic extension of local non-archimedean fields of residual characteristic different than 2. Let G = SL n (E) and X be the space of Hermitian forms on E n with determinant 1. Let K 0 be a maximal compact subgroup. Then S(X) K0 is a free H(G, K 0 ) module of rank 2 dim(V )−1 .
Remark 1.0.1. In [Hir99] a version of the above theorem concerning GL(V ) instead of SL(V ) was proven. It is not difficult to show that those two versions are equivalent.
The proof in [Hir99] was spectral in that it was based on the explicit determination of the spherical functions on the space X associated to unramified representations. In our approach the proof is based solely on the geometry of the spherical space X and on the analysis of K 0 orbits.
1.1. Idea of the proof. The proof is based on a reduction technique we learned from [BL96] regarding filtered modules over filtered algebras. This technique allows to deduce the freeness of a module from the freeness of its associated graded. While classically one studies Z-filtered modules, we need to adapt the technique to the case of Z n -filtered modules. The filtrations we use on the spherical Hecke algebra and the spherical Hecke module S(X) K0 are obtained from Cartan decompositions.
1.2. Possible generalizations. One can not expect that the conclusion of the Theorem holds for any spherical space. Nevertheless, we expect that for a large class of spherical spaces, one can find a subalgbera B of H(G, K 0 ) over which the module S(X(F )) K0 is free. Our proof of Theorem A is based on certain geometric properties that we expect to holds for many symmetric spaces. Informally, we used the fact that the symmetric space X admits a nice Cartan decomposition. More precisely, we use a collection {g λ |λ ∈ Λ ++ } ⊂ G and a collection {x λ |δ ∈ ∆ ++ } ⊂ X, where Λ ++ ⊂ Λ is a Weyl chamber of the coweight lattice Λ and similarly for ∆ ++ ⊂ ∆ with the following properties:
and s : Λ → ∆ is a certain symmetrization map. We expect that under the above conditions, and certain technical conditions on the lattices ∆, Λ, it will be possible to adapt our argument to hold for any such X. In view of [Sa13] we expect those conditions to hold in many cases, but not for all symmetric pairs 1.3. Acknowledgments. : We would like to thank Omer Offen and Erez Lapid for conversations on [FLO2012] that motivated our interest in this problem. Part of the work on this paper was done during the research program Multiplicities in representation theory at the HIM.
Filtered modules and algebras
We first fix some terminology regarding filtered modules and algebras.
Definition 2.0.1.
• For i, j ∈ Z n we say that
• By a Z n -filtration on a vector space V we mean a collection of subspaces
• A Z n -filtration on an algebra A is a Z n -filtration F i (A) on the underlying vector space such that
The following is an adaptation of a trick we learned from [BL96] (see Lemma 4.2).
is finitely generates free graded module over Gr F (A) (i.e. there exists finitely many homogenous elements that freely generate Gr G (M )). Then M is a finitely generated free A-module.
More specifically ifm 1 , . . . ,m k ∈ Gr G (M ) are homogenous elements that freely generates Gr G (M ) over Gr F (A), then any lifts m 1 , . . . , m k ∈ M freely generates M over A.
Proof.
Step 1. Proof in the case m = n = 1, φ = id.
See, the proof of [BL96, Lemma 4.2].
Step 2. Proof in the case φ = id.
The proof is by induction on n. Letm 1 , . . . ,m k ∈ Gr G (M ) be homogenous elements that freely generates Gr G (M ) over Gr F (A) and m 1 , . . . , m k ∈ M be there lifts.
. These are Z-filtrations. Set n 1 , . . . , n k ∈ GrḠ(M ) to be the reductions of m 1 , . . . , m k ∈ M .
By step 1 it is enough to show that GrḠ(M ) is freely generated by n 1 , . . . , n k over GrF (A). For this, define a Z (n−1) -filtrations on GrF (A) and
Furthermore,m 1 , . . . ,m k are the G-reductions of n 1 , . . . , n k . Thus, the induction hypothesis implies that GrḠ(M ) is freely generated by n 1 , . . . , n k over GrF (A).
Step 3. The general case.
Define Z m -filtration on A byF j (A) = i∈φ −1 (j) F j (A). By step 2, it is enough to show that Gr G (M ) is freely generated bym 1 , . . . ,m k over GrF (A). For this we choose a gradation
. This gives us a linear isomorphism ψ : GrF (A) → Gr F (A) s.t. ψ(a)m = am. We note that ψ is not necessary an algebra homomorphism. Since Gr G (M ) is freely generated bym 1 , . . . ,m k over Gr F (A), this implies that Gr G (M ) is freely generated bȳ m 1 , . . . ,m k over GrF (A).
Reduction to the Key Proposition
In this section we prove Theorem A. We will need some notations:
• Fix a natural number n. Let H := H n := SL n .
• Let E/F be an unramified quadratic extension of non-archimedean local fields of characteristic diffent than 2.
• We let τ : E → E be the Galois involution.
• Let G = G n := Res E F (H n ) be the restriction of scalars of H to E (in particular G(F ) = H(E)).
• We also fix X := X n the natural algebraic variety s.t. X(F ) = {x ∈ G(E)|τ (x t ) = x}.
• Let D ⊂ X be the subset of diagonal matrices.
• Finally, we let T ⊂ G be the standard torus. In the above notations, Theorem A reads as follows:
Theorem 3.0.1. The module S(X(F )) K0 is free of rank 2 n−1 over H(G, K 0 ) where
Notation 3.0.2.
• π a uniformizer in O E .
• q F = |O F /P F |, q E = |O E /P E |.
• Λ the weight lattice of G. We identify it with {(λ 1 , . . . , λ n ) ∈ Z n |λ 1 + · · · + λ n = 0}.
• for λ ∈ Λ we set x λ to be λ(π) considered as an element in X(F ).
• Let a λ = e K0δ π λ K0 ∈ H(G, K 0 ).
• Let m λ = e K0δx λ ∈ S(X(F )) K0 .
• We denote λ ≥ λ
The following lemma is well known 1 Lemma 3.0.3.
(1) The collection {π λ |λ ∈ Λ ++ } is a complete set of representatives for the orbits of
++ } is a complete set of representatives for the orbits of K 0 on X.
Corollary 3.0.4.
(1) The collection {a λ |λ ∈ Λ ++ } is a basis for H(G, K 0 ). (2) The collection {m λ |λ ∈ Λ ++ } is a basis for S(X(F )) K0 .
This Corollary leads naturally to the following filtration on the module M := S(X(F )) K0 and the Hecke algebra A := H(G, K 0 ). Definition 3.0.5. For λ ∈ Λ we introduce the subspaces
With this filtration we have the following Key Proposition:
Proposition 3.0.6.
(1) For every λ ∈ Λ ++ and µ ∈ Λ ++ there exists a non-zero p(λ, µ) ∈ C such that a λ a µ = p(λ, µ)a λ+µ + r with r ∈ F <λ+µ (A). (2) For every λ ∈ Λ ++ and µ ∈ Λ ++ there exists a non-zero q(λ, µ) ∈ C and we have
Part (1) is well known (see e.g. [Mac98, Chapter 5 (2.6)]). We postpone the proof of Part (2) to §4 and continue with the proof of Theorem 3.0.1
τ ((λ 1 , . . . , λ n−1 )) = (λ 1 , λ 2 − λ 1 , . . . , λ n−1 − λ n−2 , −λ n−1 ).
Let φ : Z n−1 → Z n−1 be given by φ(λ) = 2λ. Proposition 3.0.6 implies thatF gives a structure of Z n -filtered algebra on A and φ-filtered module on M . Applying Proposition 2.0.2 it is enough to show that Gr G (M ) is finitely generated free Gr F (A)-module. We now letā λ ,m λ be the reductions of a λ , m λ to the associated graded. By proposition 3.0.6 we get
++ be a such that Λ ++ = ∪ ℓ∈L (ℓ + 2Λ ++ ) is a disjoint covering. Clearly, the set {m ℓ |ℓ ∈ L} is a free basis of Gr G (M ) over Gr F (A). This finishes the proof.
Proof of Key Proposition 3.0.6
The proof of the proposition require an explicit version of Lemma 3.0.3. For this we require a definition.
, where ν is the valuation of E. This is independent of the choice of the basis.
Lemma 4.0.2. Let λ = (λ 1 , . . . , λ n ) ∈ Λ ++ and denote by p k = λ 1 + λ 2 + · · · + λ k and let q k = λ n + λ n−1 + · · · + λ n−k+1 .
(
Proof.
(1) We first note
It remains to verify the statement of the lemma for g = π λ . Clearly,
Thus it is enough to show that for any W ∈ Grass(k, V ) we have
n E ] For this we let e 1 , .., e k be an O E basis for W ∩ O n E . Let A ∈ M at n×k (O E ) be the matrix whose i-the column is e i , i = 1, .., k.
Denote by r(A) the matrix obtained from A by reducing its elements to O/π. Since e 1 , ..., e k is a basis we have rank(r(A)) ≥ k and we can find a k × k minor which is invertible in O E . Explicitly, we have I = (i 1 , i 2 , .., i k ) such that the minor
be the corresponding matrix as before.
Let C ∈ M at k×k (E) be such that B = π −λ AC. Passing to the sub-matrix B I,[1,..,k] we have
(2) as before, the only non-trivial part is to show that 
(2λ j + µ j ).
